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$n$ Euclid $f$ , $f$
. $n=1$ , 1
1 $f(x)$ . $n=2$ ,
2 , , $f(x, y)$
. , $f(x, y)=0$ , $f(x, y)=255$










$R^{n}$ $n$ Euclid . $R^{n}$ . $GL^{+}(n, R)$ $R^{n}$
.
$GL^{+}(n, R)$ $n$ .
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1:
$T:R^{n}arrow R^{n}$ , $A\in GL^{+}(n, R)$ $B\in R^{n}$
$T(x)=Ax+B$ $(x\in R^{n})$ (3)
.
. ,
$A^{+}(n)$ . $A^{+}(n)$ $GL^{+}(n, R)$ $R^{n}$ :
$A^{+}(n)=GL^{+}(n, R)\ltimes R^{n}$
$C^{\infty}(R^{n})$ $R^{n}$ . $f\in C^{\infty}(R^{n})$ $df$
$n$ $Hf$ .
$df= \sum\frac{\partial f}{\partial x_{i}}dx_{i}=(\begin{array}{l}\frac{\partial f}{\partial x1}\vdots\frac{\partial f}{\partial x_{n}}\end{array})$ , $Hf=( \frac{\partial^{2}f}{\partial x_{i}\partial x_{j}})$
$C_{H}^{\infty}(R^{n})=\{f\in C^{\infty}(R^{n})|Hf\in GL(n, R)\}$
. $f\in C_{H}^{\infty}(R^{n})$ $Hf$
$(Hf)( \frac{\partial}{\partial x_{i}},$ $\frac{\partial}{\partial x_{j}})=\frac{\partial^{2}f}{\partial x_{i}\partial x_{j}}$
$R^{n}$ semi-Riemann $\sum\frac{\partial^{2}f}{\partial x_{i}\partial x_{j}}dx_{i}dx_{j}$ .
$C^{\infty}(R^{n})$ $\sim$ . $f,$ $f$
. $f,$ $f\in C^{\infty}(R^{n})$




$\frac{\partial f}{\partial x_{i}}=\sum_{j}(\frac{\partial\tilde{f}}{\partial x_{j}’}\circ T)\frac{\partial x_{j}’}{\partial x_{i}}=\sum_{j}a_{ji}(\frac{\partial\tilde{f}}{\partial x_{j}’}\circ T)$
. $f,\tilde{f}$
$df=(\begin{array}{l}\angle\partial\partial x_{1}\vdots\frac{\partial f}{\partial x_{n}}\end{array})=A^{t}(\begin{array}{llll}\overline{\partial}x_{1}\partial^{-}\perp_{l} \vdots o T\frac{\partial\overline{f}}{\partial x_{n}^{J}} \vdots o T\end{array})=A^{t}(df\circ T)$ (5)
. $A$ . $f,$ $f$
$Hf=( \frac{\partial^{2}f}{\partial x_{i}\partial x_{j}})=A^{t}(\frac{\partial^{2}\tilde{f}}{\partial x_{i}’\partial x_{j}’}\circ T)A=A^{t}(Hf\circ T)A$ (10)
. $f\in C_{H}^{\infty}(R^{n})\Leftrightarrow f\in C_{H}^{\infty}(R^{n})$ .
1. $F$ : $C_{H}^{\infty}(R^{n})arrow C^{\infty}(R^{n})$ ,
$f=f\circ T(f, f\in C_{H}^{\infty}(R^{n}), T\in A^{+}(n))$ $F(f)=F(f)\circ T$ .
$\wedge^{n}(R^{n})$ $R^{n}$ $n$ .
2. $I$ : $C_{H}^{\infty}(R^{n})arrow\wedge^{n}(R^{n})$ , $f\sim f$








$F$ : $C_{H}^{\infty}(R^{n})arrow C^{\infty}(R^{n});f\mapsto Q_{(Hf)^{-1}}(df)$
.
$f=\tilde{f}\circ T,$ $Tx=Ax+B$ . (5) (10)
$F(f)$ $=$ $(df)^{t}(Hf)^{-1}(df)$
$=$ $((d\tilde{f})^{t}oT)AA^{-1}((H\tilde{f}^{-1}\circ T)(A^{t})^{-1}A^{t}(df\circ T)$




$|Hf|$ $i$ $\triangle_{i}$ Cramer






$I$ : $C_{H}^{\infty}(R^{n})arrow\wedge(R^{n});fn\mapsto|\det(Hf)|^{1/2}dx_{1}\wedge\cdots\wedge dx_{n}$
.
$f=f\circ T,$ $x’=Tx=Ax+B$ . ,
$T^{*}(dx_{1}’\wedge\cdots\wedge dx_{n}’)=(\det A)dx_{1}\wedge\cdots\wedge dx_{n}$ (12)
(10) ,
$|\det(Hf)|^{1/2}=\det A|\det((H\tilde{f})\circ T)|^{1/2}$ .
$I(f)$ $=$ $|\det(Hf)|^{1/2}dx_{1}\wedge\cdots\wedge dx_{n}$





5. $\varphi\in C^{\infty}(R)$ $\varphi(F(f))I(f)$
.




$ffi|\rfloor 6$ . $f=f(r)$ , $r=$ $x_{1}^{2}$ $\nabla$I $x_{n}^{2}$ ,















$i$ 1 $0$ $n$ .































$f(y_{1}, \cdots, y_{n})=\exp(-\lambda\frac{\sum y_{i}^{2}}{2})$ , $y_{i}=\sqrt{\alpha_{i}}x_{i}$
$f(x_{1}, \cdots, x_{n})=f(\sqrt{\alpha_{1}}x_{1}, \cdots, \sqrt{\alpha_{n}}x_{n})$ . 3
$F(f)$ $=$








. $\varphi(x)=\sqrt{}|x|$ , $L$
$L= \int\int\sqrt{|(f_{x})^{2}f_{yy}+(f_{y})^{2}f_{xx}-2f_{x}f_{y}f_{xy}|}dxdy$ (13)
, $x_{1}=x,$ $x_{2}=y$ .
8. $\varphi(x)=\sqrt{}|x|$ . $f(r)=\exp(-r^{2})$
$L= \frac{4\pi\sqrt{\pi}}{3\sqrt{3}}$
428 .
$f_{r}=-2rf$ $|f_{r}(r)|^{3/2}=2^{3/2}r^{3/2} \exp(-\frac{3}{2}r^{2})$ .










, $Hf$ , $F(f)$ ,
. , (reduction)
, $F(f)$ $F_{red}(f)$ .
$r$ $(r<n)$ $\varphi(x_{1}, \cdots, x_{r})$
$f(x_{1}, \cdots, x_{r}, x_{r+1}, \cdots, x_{r})=\varphi(x_{1}, \cdots, x_{r})$
, $x_{r+1},$ $\cdots,$ $x_{n}$ $n$ $f$ ,
. .
152
$n$ $f(x)$ (reductive) , $n$ Euclid $R^{n}$
$R^{n}=V\oplus W$ $(\dim V\geq 1,$ $\dim W\geq 1)$
$V$
$\varphi$ $f=\varphi\circ\pi$ . , $\pi$ : $V\oplus Warrow V;x\oplus y\mapsto x$
.
$f$ $|Hf|=0$ .
$f$ $\tilde{f}\sim f$ $f$ .
$\varphi 0\pi=f=f\circ T+C$ , $T=(A, B)$
.
$R^{n}=AV\oplus AW$
$R^{n}$ $AV$ $\tilde{\pi}$ $\tilde{\pi}=A\circ\pi\circ A^{-1}$ .
$AV$ $\tilde{\varphi}$
$\tilde{\varphi}(x)=\varphi(A^{-1}x-\pi A^{-1}B)$
$f=\tilde{\varphi}\circ\tilde{\pi}$ . $f$ .
, $f$ $\varphi$ $\partial^{2}\varphi$ . $V$ $\{u_{1}, \cdot\cdot\cdot, u_{r}\}$
, $V$ $\varphi$
$\varphi(x_{1}, \cdots, x_{r})=\varphi$ ( $\sum$ xiui)
$r$ . $F_{red}$
$F_{red}(f)=F(\varphi)\circ\pi$
. , $F_{red}(f)=F_{red}(\tilde{f})$ . $F_{red}(f)$ $F(f)$
.
$n$ Euclid (vague hyperplane)
$f(x_{1}, \cdots, x_{n})=\exp(-\frac{\lambda^{2}}{2}(\sum_{i=1}^{n}\alpha_{i}(x_{i}-c_{i}))^{2})$ $(\alpha=(\alpha_{1}, \cdots, \alpha_{n})\neq 0)$ (15)
. $n=2$ , $f$ (vague line) .
$f$ $|Hf|=0$ $F(f)=0$ .
$f$ , $F_{red}(f)$ . , .
$f$ $\sum_{i=1}^{n}\alpha_{i}$ (xi-ci) $=0$ $\alpha$ ,
. $n$ Euclid $R^{n}$ $n-1$ $W$ 1 $V$
$W=\{(x_{1}, \cdots, x_{n})|(\alpha, x)=0\}$ , $V=R\alpha$ $( \alpha, x)=\sum\alpha_{i}x_{i}$






$\varphi(t)=\varphi(t\alpha)=\exp(-\frac{\lambda^{2}}{2}||\alpha||^{4}(t-\frac{(\alpha,c)}{||\alpha||^{2}})^{2})$ $\{\underline{B}$ $c=(c_{1}, \cdots, c_{n})$





8 . ) Mathematica $f(r)=\exp(-r^{2})=\exp(-x^{2}-$
$y^{2})$ (13) . , $x,$ $y$




$f_{x}(x, y)$ $=$ $\frac{f(x+d,y)-f(x-d,y)}{2d}$
$f_{y}(x, y)$ $=$ $\frac{f(x,y+d)-f(x,y-d)}{2d}$
$f_{xy}(x, y)$ $=$ $\frac{f(x+d,y+d)-f(x-d,y+d)-f(x+d,y-d)+f(x-d,y-d)}{4d^{2}}$ (16)
$f_{xx}(x, y)$ $=$ $\frac{f(x+d,y)-2f(x,y)+f(x-d,y)}{d^{2}}$





0 $\sim$ 255 ,
$f(x, y)=$ ROUND $[255 \exp(-x^{2}-y^{2})]$ (17)
. ROUND $[]$ 1
. $f(x, y)$ (14)
$L$ $=$ $\frac{3\sqrt{3}}{4\pi\sqrt{\pi}}\sum_{x,y}|f_{x}^{2}f_{yy}-2f_{x}f_{y}f_{xy}+f_{y}^{2}f_{xx}|^{1/2}d^{2}$ (18)










$L\urcorner$ ri-m $|3$ $*;j$
Fo $t\cdot i-- f^{-}|\vee$ $t $4^{3}t\rangle d$







$t^{\backslash }:i_{\sim}\overline{\#}tt\cdot l\cdot\backslash \vdash$ , lnDat a $()$ , $Fj\dot{\}}$ . $t_{\backslash }\cdot\}$
$fn\theta ul_{01}\S ge|$ PiCt ur $e=$ LO adPi Cture $(\prime\prime\llcorner^{\backslash }$ :Kt $6\hslash\iota pbmp’|$
$r:3fC^{s_{-}}$. ion $\triangleright tFunc$ ( $x$ As Dc uble. $\forall$ As ftouc { e) As $s_{\nu}\cdot ts$
$f_{\grave{J}}r_{\wedge}^{\wedge}8hF_{J}nc--$ Wc rksheetFunct. $i_{\vee}^{-}r.80\rangle nd\langle 2^{\epsilon}.\cdot 5*\dot{E}>pt-(x\wedge\cap\angle+y A 2)$ $t,$ $Q)$
Ens $\prime r$ui ct $i_{\overline{J}}n$
2: 0.1 $x,$ $y$ -3 $\sim+$3
7
2 , , (16)
$d=$ lpixel .
$f(x, y)$ :
$f_{x}(x, y)$ $=$ $\frac{f(x+1,y)-f(x-d,y)}{2}$
$f_{y}(x, y)$ $=$ $\frac{f(x,y+1)-f(x,y-d)}{2}$
$f_{xy}(x, y)$ $=$ $\frac{f(x+1,y+1)-f(x-1,y+1)-f(x+1,y-1)+f(x-1,y-1)}{4}$ (19)
$f_{xx}(x, y)$ $=$ $f(x+1, y)-2f(x, y)+f(x-1, y)$
$f_{yy}(x, y)$ $=$ $f(x, y+1)-2f(x, y)+f(x, y-1)$
$L$ $=$
$\sum_{x,y}|f_{x}^{2}f_{yy}-2f_{x}f_{y}f_{xy}+f_{y}^{2}f_{xx}|^{1/2}$
2 , (17) , 0.1 $x,$ $y$ -3 $\sim+$3 $61\cross$
$61$ . ,
. , 2 45
(18) $d=$ lpixel
$L$ $=$ $\frac{3\sqrt{3}}{4\pi\sqrt{\pi}}\sum_{x,y}|f_{x}^{2}f_{yy}-2f_{x}f_{y}f_{xy}+f_{y}^{2}f_{xx}|^{1/2}$ (20)
, 4045 8420 .
, , (20)













3 , 2 $2a$ , .
$a$ ,
. 2 , 2 ,










, 1 . 2, 3 0 $\sim$ 255
,
. , 2 $d$ , 3
. , , $0$
Mathematica
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